The generation of 12C, 16() and 20Ne by successive a-capturing proc•sses in the helium core of stars is calculated under the condition at temperature-10°°K. The rat<s of forming i~C and 20Ne are found to be much larger than the previous calculations by Salpeter, Opik and Poyle, due to the resonance levels recently discovered. The production rates of 24Mg to 4°Ca are also <stimated. The formation of these nuclei is found to be ne~ligible at temperatur<s below 4 X 10S 0 K. The luminosity of such s:ars of globular clusters belonging to the horizontal branch in the H-R diagram that are supposed to be burning helium is accounted for in terms of the above thermonuclear reactions at the central temperature of (1.40±0.10) X10S°K and the density of about 10~gcm-~. The lifetime of a star in this evolutionary stage is estimated roughly as 107 years. In this course of evolution 20Ne is formed more abundant than others, in disagreement with the average cosmic abundances of 12C, Ill() and 2 0Ne. The modification of the abundances after this stage is suggested as nec<ssary. § 1. Introduction and summary
§ 1. Introduction and summary
The energy generation in stars belonging to the main sequence has been accounted for in terms of the " carbon-nitrogen cycle »~>.a> and the " proton-proton chain " 2 >. Owing to these nuclear reactions hydrogen is converted into helium, so that the concentration of helium in the cores of these stars increases, as they evolve. The helium nuclei thus produced can hardly be converted into heavier nuclei by the reactions involving light nuclei alone, because the nuclei of mass numbers 5 and 8 are unstable and even stable isotopes of Li, Be and B return rapidly back to 3 He and 4 He due to the absorption of protons which are rich in the core of such stars 3 >. However, the synthesis of carbon and heavier nuclei is regarded as necessary in view of the evolution scheme, as emphasized by a number of authors. 4 > Some stars belonging to the " giant branch " are believed to undergo such a nuclear synthesis that 4 He nuclei are converted into 12 C and heavier ones. The synthesis of 12 C seems to be required also to explain the over-abundance of 12 C observed on the surfaces of R, N and W olf-Rayet stars.
A possibility of such a synthesis process has been suggested by Salpeter 5 > as to take place in hydrogen exhausted stars, when their central temperature becomes higher than I o·~·K. At such a high temperature an appreciable amount of 8 Be nuclei is formed under the thermal equilibrium with 4 He nuclei :
(I·I) A 8 Be nucleus thus formed can be converted into 12 C by capturing a 4 He nucleus : (I· 2) These processes are supposed to supply a sufficient amount of energy for about I0 7 years and may explain the existence of the 12 (I·3) (I·4) In those days the knowledge about the properties of these nuclei was rather poor, so that his arguments were obliged to be qualitative. Since a level of 12 C at 7.68 Mev and some properties of other nuclei were observed, Hoyle 6 l tried to calculate the reaction rates of (I· 2) and (I· 3), taking into account the resonance capture. But the lack in knowledge of the spins and parities of the levels forbade him to deduce reliable reaction rates, so that he rather predicted them in reference to the mean cosmic abundances of 12 C and 16 0. Lately Salpeter 71 noticed the role of the 7.68 Mev level, which was supposed to have zero spin and even parity, and proposed a process, ( 
I. 2')
But its details and results are not reported yet.
In order to obtain a quantitative answer of the synthesis of heavy nuclei, we attempted to calculate the reaction rates of (I·l) to (I· 4) , on the basis of recent nuclear dat.a. 8 l We also made a rough estimate on the capture of 4 He by 20 Ne to 36 A.
Based on our calculated reaction rates and the rates of energy generation, we briefly discus~ed the synthesis of elements as well as the evolution of stars.
In § 2 the general method of treating the thermonuclear reaction is presented, taking account of the contributions from resonant as well as non-resonant processes. Far a resonance energy near the Gamow peak, the con'l'entional method of the Gamow peak is modified, while, far the sufficient separation between the resonance and Gamow peaks, the contributions from these two are carefully examined. Our formulas are not qualitati'l'ely different from com·entional ones, but are useful for quantitati'l'e studies. In § 3 the formation of "Be, and the rates of formation of 12 C, 16 0 and 20 Ne and also the rates of the energy generation are calculated.
The result is summarized in Table 3 Let us assume a gas composed of two kinds of nuclei 1 and 2, each of which is uniform in space and obeys the Maxwellian distribution of velocities at given temperctture T. Suppose that these nuclei of respective densities, n1 and n 2 , collide with one another with reaction cross section rr (E), where E is the kinetic energy in the center of mass system of the colliding nuclei. Then the reaction rate per unit time and per unit volume is given by p 4 n 1 n 2
where k is the Boltzmann constant. p. is the reduced mass and is expressed, in terms of the masses of the respective nuclei, m1 and m 2 , as p.=m1mi (m1 +m 2 ). The reaction is regarded as to form a compound nucleus. The energy level of the compound nucleus is measured from the sum of mass energies of the colliding nuclei and is designated as En. The property of a level is implied in the widths for the absorption and the subsequent emission, rm and r?.n, respectively. sl and s2 show the spins of target and incident particles, respectively. By employing these quantities the cross section 1s expressed as
The summation is extended over all possible levels corresponding to spin fm which can consist of any particular orbital angular momentum In, but one needs in most cases to take only one level into account. The total width rn is practically the sum of r.n and J"';n• Z1e and Z2e are the charges of the respective nuclei and B the height of the Coulomb barrier between them. D, is the mean level distance for the levels with the same spin and parity as the absorbing level and V the depth of the potential for one particle against the other. These two quantities are rather uncertain, but their influence on the final result is relatively unimportant. We evaluate D, from observed levels and choose V for the helium capturing process as (2·6)
where K 0 = 1 X 10-13 em-1 is supposed to be the wave number of an a-particle just inside the nuclear surface. 9 J The largest uncertainty in the cross section arises from the channel radius R. In reference to various induced reactions we use the expression (2·7) with uncertamty of 0.5 X 10-13 em. R"= 1.6 X 10-13 em is chosen from the a-a scattering and R 1 is 2.4 X 10-13 em for 8 Be, 3 Here and hereafter T is measured in 10 8 •K and all energies are in Mev, if not specially mentioned.
In the presence of the resonance denominator in (2 · 8), the integrand may have another peak at about E=En. In the integration of (2 · 8), therefore, we have to take at least two peaks into account. One comes from the peak similar to the Gamow peak, but is modified slightly due to the denominator. The other is the resonance peak that plays a dpminant role for IEu-Enl <kT$rg• The approximate methods used in respective cases are described in what follows. The first summation is due to the non-resonance absorption, while the second one due to the resonance absorption. In almost all cases one has to maintain only one term in ( 2 · 15) . For the nonresonance absorption 2.30 X 10-
cm-3 sec-1 (2. 16) and for the resonance absorption
where T is measured in unit of 10 8 'K. In each part we usually have to leave only one term.
To this we have to add the effect of screening. According to Salpeter/ 0 > the weak screening is a good approximation in our case. Then the reaction rate must be multiplied by exp(-U 0 /kT). with (2 ·17) where p is the density in g em -a. Z and A are the atomic number and atomic weight of the main constituent, which is 4 He in most of our cases. As we are mainly concerned with the case in which p ~ 10 3 g cm- 3 and T~10B'K, --U0jkT is of the order of 10-1 • Therefore, the correction due to the screening .is of the order of 1 0 % and will not exceed 30%. Since this order of magnitude is implied in the uncertainty in various quantities as well as in our method of approximation, we will not include this correction in our numerical results. As soon aa a more accurate calculation becomes possible, the correction will easily be taken into account.
The rate of energy generation is obtained by multiplying the Q value, Q, by the reaction rate and by dividing it by density p, as it is usually expressed in unit of erg g-1 sec-1 : xn6 /px 2 ne is plotted against Tin unit of I08°K according to the formula (3·2). xn6 increases rapidly as temperature increases to 3 X l0S° K, but is nearly constant above 4X l08°K.
As pointed out by Salpeter, 5 l an appreciable amount of 8 Be can be formed from 4 He in the core of a star, in which both temperature and density are very high. The concentration of 8 Be is of primary importance in a series of the helium capturing reactions. This together with the formation of 12 C essentially determines the rates of forming subsequent nuclei, 16 0 and 20 Ne.
Since an extremely small fraction of 8 Be nuclei formed in a-a reaction undergoes further a-capture instead of disintegrating back into 2a under the conditions under consideration, the detailed balancing is realized to a good approximation in the reactions 2a~Be 8 • Then, the concentration of 8 Be, n n., can be expressed in terms of that of 4 [10] [11] can be formed from the assembly of 4 He. If the capture of an a-particle by 'Be is fast enough, an appreciable quantity of 12 C can be generated, as is seen in the following section. The steep dependence on temperature explains why the synthesis of heavier nuclei via 8 Be is negligible in other stars of lower temperature, for example in the main sequence stars.
The syntheses of 12 C, 16 0 and 20 Ne from 8 Be thus formed can be discussed separately because the formation of 24 Mg becomes comparable only above 4 X 10 8 ·K, as shown in § 4.
The process which takes part therein is the radiative capture of an a-particle : the particle emission is energetically impossible and the formation of an electron pair is less probable.
Hence our first task is to estimate the radiation and a-capturing widths, F; and F., respectively. For these reactions the knowledge about energy levels can be obtained from existing experiments.UJ T Mev ..
Sp_zn parity
l7.22 The level scheme of 12 C is shown m Fig. 2 ri.
Since the spins and parities of both the absorbing level and the ground state are o+, the transition to the ground state by emitting one photon is forbidden. The radiative transition 'to the ground state can take place by emitting two or more photons. It is usual that the internal pair formation is more probable than the two photon emission in a zero-zero trans1t1on. In competing this process, the radiative cascade transition through the 4 · 43 Mev level with 2 + has to be taken into accl)unt. In the last case only the width for the first E2 transition plays a role in the reaction rate. The widths for these processes are calculated in the following way.
In the conventional formula for such widths the nuclear matrix element is expressed :in terms of a "nuclear radius", A! 13~.9 l For the o+ -o+ transition the matrix element is estimated by Schiff. 13 There are several levels of 16 0 near the zero energy of the a-particle, as shown in Fig. 3 . Among these levels the contributions from 7.12 Mev (1-) and 6.91 Mev (2 +) levels need to be compared. The E1 radiation from the former level with zero isotopic spin would have a far greater width than the E 2 and the E1-E3 cascade radiations from the latter, if the selection rule with regard to the isotopic spin were not taken into account. As the Z component of the isotopic spin is zero in" the system concerned, the E1 transition is possible only because of the mixing 11 > of a state with isotopic spin unity. The probability for the mixing is believed as about one percent, 11 ) so that the E1 width is smaller by about factor several hundred than in the case where such a selection rule is irrelevant. Even so the E1 width is nearly several times larger than the E2 width. Moreover, the resonance denominator in ( 2 · 13) is about four times larger for the 2 + level than for the 1-level, on account of E 0 =0.2Mev. Therefore, levels other than the 7·12 Mev 1-level contribute to the reaction rate no larger than one percent. The E1 radiation width must be larger than 0.1 ev, because the lifetime of the level is observed as shorter than 8 X 10-15 sec. 11 > Since the mixing of the isotopic spin states is regarded to be smaller than 1 % it will be safe to limit the E1 width as 0.1 ev<I'm < 1 ev.
For convenience we tentatively fix the value of Tm=3.1 X 10-7 Mev in the final formula.
(3 ·6) (3 ·6 1 ) Then the partial wave which contributes to the absorption of an a-particle is a P wave. The absorption width is calculated for D.:::::4 Mev and R= 5.4 X 10- 13 20 Ne different from that given in reference 11. The new level scheme is shown in Fig. 4 
. The most important le'Yel is the 4.95 Me'Y one, but its spin and parity are not yet undetermined.
We calculated the radiation width, assuming the spin and parity of the level as o+, 1-or 2+. The result is shown in Table 2 . Although its 'Yalue strongly depends on the assumed spin and parity, the uncertainty does not come in the final formula, because of the followmg reasons. The decay widths of possible modes are estimated for the 4.95 Mev level of 20Ne, assunting its spin and pairty as o+, r-and 2+, and using Weisskopf's formula9l
The factor a in widths shows a constant. If the El transition is partially forbidden by the isospin selection rule, a= 10-2-10-3, while otherwise a= 1.
At 10 8°K E 9 is estimated as about 0.25 Mev and, consequently, E 1 ,-En=0.05 Mev.
Since this is as small as ru, there appears a resonance peak. in a broad Gamow peak.
Hence we are allowed to use the resonance approximation, in which only a smaller one of radiation and absorption .widths appears. The radiation width lies between 10\ 3 and 1 ev, as seen in 20 Ne. In order to consider such a case as well as . . to see .the competition with .other levels, .we calculate the reaction rates and the rates of energy generation due to 4.20Mev. and 5.62Mev levels by using the non-resonance formula: and --'--------:,------'-
·· _ _ i _ ---------
The factor 103 in the case of 3·4He~12C is applied for the central density of our star, 103 g em-s. are unknown, but ri. may be of the order of 1 to Necessary data for the syntheses of 12 C, 16 0 and 20 Ne are summariz.ed in Table 3 .
In § 5 we shall see that the temperature and density of interest lie about (1.3.-.1.5) X 10 8 "K and 10 3 -.10 4 gjcm 3 , respectively. Under such conditions, the formation rate of 20 Ne is much larger -than ·those of 12 C and 16 0 which are comparable, as seen in Fig. 5 .
Therefore, the whole series of the element synthesis is essentially determined by the formation rate of 12 C, most of 16 0 formed from 12 C being quickly turned into 20 Ne. Hence the abundance of 20 Ne should be larger than that of 16 0, in contrast to the conclusion of Hoyle. 6 > This problem will be studied in more detail in § 5.
The rate of energy generation due to the whole series is expressed as c= (Q&.~Op:l<>~O+Qc~o Pa~o+Qo~Ne PMNe) p-l 
Here f is a quantity of the order of unity which varies slowly as Xn,, x0 and "Ne change in the course of the element synthesis. The temperature dependence of cj[xn6 3 p 2 is shown in Fig. 6 . The exact value of this quantity will be calculated also in § 5 in connection with the problem of the element synthesis. § 4. Synthesis of 24 Mg to 4°C a 24 Mg, 21!Si, 32 S, 36 A and 4°C a can be synthesized by capturing a-particles successively from 20 Ne. The formation rates of these nuclei have never been observed. From experiments of neutron scattering, in which excited energies are higher by a few Mev than those of interest in the capture of a-particles, the average level distance is expected as about 0.1 Mev. At high temperatures this is smaller than the width of the Gamow peak, so that the statistical theory is applied to e'l!aluate the absorption cross sections. In order to obtain the reaction rates applicable ·for a wide range of temperatures, however, more careful examination is required. (2 · 15) indicates that the ratio of the non-resonance to the resonance contributions is approximately given by
Here the Gamow width r 0 is at most ten times the total width r is practically equal to the radiation Hence (4 ·1) is estimated as not larger than 10-2 • account of the resonance contribution. As energy levels level distance D::::=.0.1 Mev and the width that is at most Mev. Consequently, we ha'l!e only to take are unknown, the Gamow energy in the resonance formula.
The formation rates· of 24 Mg to 4°C a are calculated by the use of (4 · 2) and are shown in Table 4 and A. The central temperature. In a recent study, Hoyle and Schwarzschild 16 > has shown that stars of gl<?bular clusters with mass slightly larger the solar mass evolve from the main sequence to the red giant within a time of about 6 X 10 9 years, increasing their central temperature. In the core of such stars hydrogen has been converted into helium. As the temperature in the core increases as high as lOs'K, helium nuclei should begin to react with themselves, forming carbon.
As soon as this reaction starts, the stars· are presumed to evolve from right to left along the horizontal branch in the H-R diagram. 16 > 17 > The luminosity of stars in this branch ' is given by
corresponding to the absolute photo-visual magnitude 1---3. This luminosity is to be explained in ~erms of the helium reactions which are assumed to be the main energy sources of these stars. In order to derive the luminosity on the basis of the rate of energy generation obtained in § 3, one has to know the structure of the stars. Since the energy generation occurs only in a small central region on account of its steep temperature dependence, which is expressed from (3 ·15) as (5. 2) with s=40-.26 for T= (l.0-.1.5) X lOs, we can take a polytropic model with index n for the structure of this region. Then, neglecting the radiation pressure compared with the gas pressure and also the electron degeneracy, distributions of temperature and density are expressed in terms of the Emden function {} ( ~) as· follows : 18 > and T/Ta={}, pjp,.={}", r=a~,
where G is the constant of gravitation and p. the mean molecular weight of gas. For the present, T is expressed in ordinary unit. The total energy liberat10n is given by ( 5 5) and by extending the integration limit to ~ = co, which produce no appreciable errors for L -s x a,/ 3n+3
Noting that (5 · 6) is rather insensitive to the value of n so long as s>n, we take as the appropriate values of n and s n= 1.5 and s=28, (5 · 7) which correspond to the polytropic index for the convective equilibrium and to the temperature 1.4 X 10R"K, re~pectively. Further, expressing Tc in unit of 10R"K and putting (5·8) we have from (5 · 6)
The value of a defined by ( 5 · 8) depends on the whole structure of stars, but it is known to be of the order of unity for stellar model of helium burning stars studied. preliminarily by Hoyle and Schwarzshild. 16 ) The determination of Tc from (5 · 9) is no_t sensitive to the value of (a j 11) 3 ' 2 .,c:' k, f so that we fix it as As has been stated in § 3, the value of Tc obtained above is far smaller than that by Salpeter. 5 l This is very important in discussing the synthesis of elements in the stars, as shown in what follows. 4 He, 12 It is found in this way that the abundance of 16 0 rem~ins very small compared with that of 12 C and also that of 20 Ne except for a short period r::::;ljvte'. This result is in contradiction with that of Hoyle 6 > who discarded the formation of 20 Ne and dete~ined the stellar temperature based on the cosmic abundance of 12 C and 16 0.
B .. Abundanc-es of
A more detailed study of the relative abundances is carried out by the numerical solution of (5 ·12). For this purpose we eliminate time t from (5 ·12) and obtain a set of equations for Xa. The solutions of these equations are given in Fig. 9 for a number of given sets of JC and In the same interesting case, the factor (3 · 16) in the total energy generation is also plotted against At T~1.4 X 10 8 'K, most of helium nuclei are found to be converted into 20 If the rate of energy generation is applied to interpret the luminosity of the stars belonging to the horizontal giant branch in the H-R diagram, the central temperature is estimated as (1.4 ± 0.10) X 10 8 'K for the density of about 10 3 g cm- 3 • At about this temperature the formation of 24 Mg and heavier nuclei can be neglected and there occurs a series of syntheses from h#ium to neon. In this series the formation of 12 C from three 4 He nuclei is the slowest reaction, so that this determines the reaction rate of this series. The lifetime for the giant stars to reach the stage of R.R. Lyrae type variable stars is estimated as about 10 7 years.
In this course of evolution 20 Ne is formed more abundant than others • .This suggests that the element abundances determined by the helium capturing processes are considerably modified in later stages of evolution.
Our result can also be applied for the primeval synthesis of elements in the a-/9-r theory.
The most serious difficulty in their theory lies in the point that the successive formation of heavier elements is locked at unstable nuclei with mass numbers five and eight. However, the large reaction rate of forming 12 C from three a-particles may remove such a difficulty. This problem will be discussed in a separate paper by one of us (C. H.) and his collaborators.
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